SEMI-CLASSICAL PROPERTIES OF GEOMETRIC 
QUANTIZATION WITH METAPLECTIC CORRECTION 



L. CHARLES 



Abstract. The geometric quantization of a symplcctic manifold endowed with 
a prequantum bundle and a metaplectic structure is defined by means of an 
integrable complex structure. We prove that its semi-classical limit does not de- 
pend on the choice of the complex structure. We show this in two ways. First, 
by introducing unitary identifications between the quantum spaces associated 
to the various complex polarizations and second, by defining an asymptotically 
flat connection in the bundle of quantum spaces over the space of complex 
structures. Furthermore Berezin-Toeplitz operators are intertwined by these 
identifications and have principal and subprincipal symbols defined indepen- 
dently of the complex structure. The relation with Schrodinger equation and 
the group of prequantum bundle automorphisms is considered as well. 



1. INTRODUCTION 

Geometric Quantization of Kostant [14] and Souriau [17] is a procedure which 
associates a quantum space to a symplcctic manifold endowed with a prequantum 
bundle and a polarization. Since its introduction, there has been some attempt to 
find natural identifications between quantum spaces associated to different polar- 
izations (cf. [4], [16]). In the case of symplcctic compact manifolds with complex 
polarizations, Ginzburg and Montgomery observed in [10] that a natural identifi- 
cation does not exist for a broad class of manifolds. Recently Foth and Uribe [9] 
obtained semi-classical results in the same direction. 

We prove that there exists a natural semi-classical identification when the defi- 
nition of the quantum spaces is altered with tire metaplectic correction. This result 
is a consequence of our study undertaken in [8] of the symbolic calculus of Toeplitz 
operators and Lagrangian sections that we extend in this paper to Fourier inte- 
gral operators. Before we state our results, let us discuss quantization without 
metaplectic correction. 

1.1. Ordinary quantization. Let {M,uj) be a symplectic compact manifold with 
a prequantization bundle L — > Af , i.e. a Hermitian line bundle with a connection 
of curvature iuj. Denote by Ji^t the space of integrable complex structure of M 
compatible with to and positive. To any j S jTint is associated a sequence of quantum 
spaces 

Qfe(j) := {j-holomorphic sections of L'^}, fc = 1, 2, ... 

Here the holomorphic structure of L is the one compatible with the connection. 
The semi-classical limit corresponds to fc ^ cx). When k is sufficiently large, the 
Kodaira vanishing theorem and Riemann-Roch-Hirzebruch theorem imply that the 
dimension of Qk{j) is given by a Riemann-Roch number, which only depends on 
the symplectic structure of M and k. Assume that we can choose such an integer k 
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independently of the complex structure j. Then for any ja,jb G iTint we can identify 
Qkija) with Qkijb) by means of a unitary map 

UkUaJb) ■■ Qkija) QkUb)- 

These identifications are mutually compatible if they satisfy: 

• (functoriality) Uk{jb,jc) ° Uk{ja,jb) = Uk{jajc), for any ja,jb,jc G Jmt- 

Moreover if these maps are canonical in the sense that they only depend on the 
complex, symplectic and prequantum structures, they should satisfy: 

• (naturality) for any prequantization bundle automorphism $ of L'^ and 
complex structures ja , jb S Jint , the diagram 



-1 



Qk{'P*ja) '"'^^'■'"'^'''^ Qk{'P*Jb) 



commutes. 



Here the vertical maps are pull-back by 3>, sending a j-holomorphic section into a 
section holomorphic with respect to <I>*j := 4'*j, where (j) is the symplectomorphism 
of M covered by $. Sometimes one only requires an identification between the 
projectivised quantum spaces. 

It is important to observe that if there exists such a collection {Uk{jaj jb)i 
(jaj jb) G i^int} which is both functorial and natural, then for any complex structure 
j G iTint, the quantum space Qfe(j) becomes a representation of the group Q of 
prequantization bundle automorphism of L'^. Indeed let us set 

(1) T4(<f>) := Uk{^*j,j) o $* : Q,(j) ^ $ £ 5. 

Then for any prequantization bundle automorphisms $1 and $2, we have 

=Uk{'^>lj,j) o Uki^l<i>2j, <i>lj) o o $* by naturality, 
=Uki^l<^*2j,j) o ($2 o by functoriality, 

= Vfc(3>2 0«'l)- 

Considering the associated infinitesimal representation, Ginzburg and Montgomery 
proved in [10] that the existence of such a representation contradicts "no go" theo- 
rems in many cases. Indeed one can view the Lie algebra of Q as C°°{M, R), the Lie 
bracket being the Poisson bracket. Then assuming that the maps Uk{ja,jb) depend 
smoothly on ja and jb, we obtain a Lie algebra representation 

C°°(M,M) ^End(Qfe(j)). 

By [10], since M is compact and Qk{j) is finite dimensional, the associated pro- 
jective representation is trivial. But for a broad class of manifolds M , Q contains 
a finite dimensional subgroup which preserves a complex structure j and whose 
induced representation on Qk{j) is not projectively trivial. The same arguments 
contradict also the existence of an identification between the projectivised quantum 
spaces. 

In spite of this result, there is a natural identification of a particular interest which 
has been introduced for the quantization of the moduli spaces of fiat connections 
(cf. [12] and [1]). To define it consider the quantum spaces Qk{j) as the fibers of 
a bundle Qk — > i7int- Then introducing a functorial and natural family {Uk{ja, jb)) 
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which depends smoothly on ja and jb amounts to endowing this bundle with a flat 
C^-invariant connection. Now consider Qk as a subbundlc of 

Since Vk is trivial, it has a natural flat connection and Qk is equipped with the 
projected connection. Because of the previous result, the curvature Rk of Qk can 
not vanish in general. On the other hand by the theory of Boutet de Monvel and 
Guillemin [5], the Toeplitz operators provide an asymptotic representation of the 
Poisson algebra C°°{M) as operators on End(Qfc(j)) when k ^ oo. So it is possible 
that the curvature Rk is asymptotically flat (cf. end of section 8.4 for a quantitative 
argument). Foth and Uribe compute the asymptotics of Rk in [9] and prove the 
following: for any j g Jint and tangent vectors rj, n € jTlnt, there exists a function 
/(r?,^) e C°°(Af) such that 

Rk{v,f^) = nfc(j)/(r;,M) + O(fc-i) : Qk{j) ^ Qk{j) 

where UkU) the orthogonal projector of C°°{M, L'') onto Q™(j). Further- 
more, they give a simple formula for the multiplicator f(ri,fj,), which shows that it 
does not vanish for a generic choice of (rj,^). Consequently the curvature is not 
asymptotically flat. Neither is it asymptotically projectively flat. 

1.2. Main results. Let us turn to geometric quantization with metaplectic correc- 
tion. The metaplectic structures were introduced by Kostant in [15] as metaplectic 
principal bundles lifting the symplectic frame bundle (cf. also [11] and [2]). Here 
we use the half-form bundle approach (cf. [18]) more convenient for our purpose. 

Given a complex structure j £ jTlnt, a half-form bundle {S,ip) of {M,j) is a line 
bundle S M together with an isomorphism of line bundles 

covering the identity of M. {M,j) admits a half-form bundle if and only if the 
second Stiefel- Whitney class of M vanishes. From now on, we assume this condition 
is satisfied and we set 

2™(ji ^7 v) {j-holomorphic sections of (5 (g) L''}, k ^ 1,2, ... 

where the superscript "m" stands for metaplectic. Here the holomorphic structure 
of S is such that ip is an isomorphism of holomorphic bundles. 

There is an obvious notion of isomorphism between two half-form bundles asso- 
ciated to the same complex structure and these isomorphisms give rise to isomor- 
phisms between the associated quantum spaces. Our aim is to extend this to the 
whole collection V of triples {j, 5, (p), where j ranges through Jint- 

In section 5.1, we define a collection Ad of morphisms, which makes {'D,M.) a 
category such that every morphism is an isomorphism. Important facts are that 
the automorphism group of any a G I? is Z2 and the isomorphism classes are in one 
to one correspondence with the elements of iJ^(M, Z2). Furthermore isomorphism 
classes correspond to equivalence classes of metaplectic structures of M. 

Theorem 1.1. There exists a family ((f^™(*))fc; ^ £ -M) such that for any mor- 
phism : a ^ b, the sequence {U™{'^))k consists of operators 

that are unitary if k is sufficiently large. Furthermore, for any composable mor- 
phisms and £ A4, we have 

un^') ° t^r(*) = c/r(*' ° *) + o(fc"i) 

where the estimate 0{k~^) is for the uniform norm of operators. 
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One of the original motivations to introduce the mctaplcctic correction was to 
define some natural pairings between the quantum spaces associated to different 
polarizations, which are called now Blattner-Kostant-Sternberg pairings. Our con- 
struction of the operators Uk{^) is rather different. These are Fourier integral 
operators with a prescribed principal symbol and the functoriality property is a 
consequence of the symbolic calculus. 

We interpret this theorem as a semi-classical functoriality of quantization with 
half-form bundle. Moreover, the family ((C/™(4'))fe; 5* £ M) is natural with respect 
to a suitable action of the group Q of prequantization bundle automorphisms of L 
on (2?, We can therefore adapt the previous construction (1) and we obtain for 
any a £ P an asymptotic representation on Q™{a) of a central extension by Z2 of 
the identity component of Q. This is in some sense a generalization of the standard 
mctaplcctic representation. 

We will also prove that the operators U™{'i>) can be defined as parallel transport 
in an appropriate bundle. Let us consider a smooth family {{Sj,(pj), j £ Jhit) of 
isomorphic half-form bundles. Let — > Jint be the quantum space bundle, whose 
fiber over j is the space of j-holomorphic sections of L'' ® Sj . 

Theorem 1.2. For any positive integer k, the bundle (Q™ iTint) has a canonical 
connection V^*" . The sequence (V^*" , k £ N*) satisfies 

• for any j £ jTlnt cind tangent vectors rj, 11 G IjjTint, the uniform norm of the 
curvature (t?,^) is 0{k~^), 

• the parallel transport in along a curve 7 with endpoints ja and jb is 
equal to U™{^) modulo 0{k^^). Here U™{^) is the sequence of theorem 
1.1 and is the half- form bundle morphism 

obtained by extending continuously the identity of {ja, Sj^, ipj^) in mor- 
phisms {ja,Sj^,'PjJ (7(t),(5^(t),(y5^(t)). 

The connection V^*" is induced by a connection on the prequantum space bundle. 
However the latter bundle is not trivial contrary to the case without metaplectic 
correction. 

The paper is organized as follows. Section 2 is devoted to preliminary material. 
Section 3 contains our results about symbolic calculus for Fourier integral operators. 
These results are reformulated in section 5.3 with the half-form bundle formalism. 
In section 5, we deduce theorem I.l and related facts on the representation of the 
prequantization bundle automorphisms and the Schrodinger equation. The study of 
the quantum space bundle and its connection is in sections 7. Section 8 is devoted 
to the action of the prequantization bundle automorphism group on the quantum 
space bundle. 

2. Preliminaries 

Let {E,lli) be a symplectic real vector space of dimension 2n. Let J{E,lo) be 
the space of complex structures j of E compatible with lj and positive. Given 
j £ J'(M, w), we denote by K^'^ E* the line of complex linear forms of E of type 
(ri, 0) for the complex structure j. 

Definition 2.1. Given ja and ji, £ J'{E,u>), let be the linear map from 

A"^°E* to A"^°£;* such that 

Ja Jb 
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Let US give some elementary properties of these maps. First, j,, is well-defined 
and invertible because the sesquilinear pairing 

A';fE* X A^fE* ^ C, {at, a,) -> A a Jc^^" 

is non-degenerate, ja and jt being positive. Whenever ja = jt, "^jadb ^he identity. 
With the usual scalar product on A"'^E* defined by means of to and j, the adjoint of 

^ja,jb is ^jb.ja ■ This is easily checked using that the scalar product of a, /3 G A^'^E* 
is given by 

Last definition that we need is the following. 

Definition 2.2. Given ja, jt, jc in J{E,lij), let CUa, jb, jc) be the complex number 
such that 

As we will see in the next section, the symbols of Fourier integral operators behave 
in part as square roots of the ^Pj^.j^. This will appear first via the continuous square 
root of the complex function ( : J'^{E,lo) — > C* determined by C^{j,3,j) = 1, for 
any j G J{M,uj). C,^ is well-defined and analytic because J^{E,u)) is contractible 
and C is an analytic function (cf. (5)). 

It follows from the associativity of the composition that C is a cocycle 

(2) CUb, jc, jd)-C^ {ja, jc, jd)-C{ja, jb, jd)-C^ {ja, jb, jc) = 1 

Furthermore "^j j = Id implies 

(3) C{ja,jb,jb) = C{ja,ja,jb) = 1- 

The function satisfies the same equations. 

To prepare further proofs, we compute the function in the following parame- 
trization of J'{E,uj). Let us choose a fixed complex structure jo G J^{E,lo). Then 
for any j S J{E,uj), the space of linear forms of type (1,0) with respect to j, viewed 
as a subspace of 

E* A];°E* © Af^^E*, 

is the graph of a complex linear map 

(4) ^:A];"i?*^A^";^i?*. 
The condition that j is compatible with to is that 

u;{^l'X,Y)+u;{X,^^'Y)^0, V X,Y e E^' 

where /i* : Ej^^ is the transposed of /.j. And the positivity of j translates 

into the positivity of the Hermitian map: 

T1 t -t 771,0 J^l.O 

Id — u u : E-' E-' 

This defines a one-to-one correspondence between J{M,uj) and an open set of a 
subspace of YIowl{A\° E* , A°^'^ E*) . 

For any j, let us identify the (n, 0)-forms with respect to j with the {n, 0)-forms 
with respect to jo by the map 

^n,o^, ^ A^"^°i;*, A ... A a" ^ {a^ + ^i{a^)) A ... A (a" + ^i{a")). 

Then straightforward computations prove the following lemma. 
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Lemme 2.3. With the previous identifications, regarded as a map from 

K^^ E* to itself is the multiplication by 



where the matrices represent maps from A^'^E* © A^^^'^^E* to itself. Consequently, 



(5) CUaJbJc) 



det( Vdet^ 



det 



Mfc Id y ■ \ /-(c Id 

^'^ Vdetf S 
Mc Id / \ Aifc Id 



3. Fourier integral operator 



Let (M, Lv) be a symplectic compact connected manifold with a prequantization 
bundle (L, V), i.e. L is a Hermitian line bundle and V a connection of curvature 
joj. The quantizations of {AI,oj) we will consider depend on two additional datas: 
a complex structure j of M compatible with to and positive, and a holomorphic 
Hermitian line bundle K over the complex manifold {M,j). 

Let us denote by /C the collection of such pairs (j, K). To any a — {ja, Ka) G /C, 
we associate the sequence of Hilbert spaces 

'Hk{a) := { holomorphic sections of ® Ka}, k = 1,2, ... 

where the holomorphic structure of L is the one compatible with the connection V 
such that L — > M is holomorphic with respect to ja. The scalar product is defined 
by means of the Hermitian structure of L'' (g) Ka and the Liouville measure of M. 

For any a,b E JC, let us introduce the space .F(a, 6) of Fourier integral operators 
from 7i(a) to H{b). Their definition is a slight generalization of the one in [7] 
because of the fiber bundles Ka and A't. Consider a sequence (Sk) such that for 
every k, Sk is an operator Hkia) ^ Ti-kib). The scalar product of 7ifc(a) gives us 
an isomorphism 

Hom(Hfc(a),Hfc(6)) ~ Hkib) (g>nk{a). 
The latter space can be regarded as the space of holomorphic sections of 

{L'' (E)Kb)M{L'' (g)Ka) ^ M^, 

where Af^ is endowed with the complex structure {jb,^.ja)- The section Sk{x,y) 
associated in this way to Sk is its Schwartz kernel. 

We say that (Sk) is a Fourier integral operator of T{a, b) if 
(6) Sk{x,y) = [—) E\x,y)f{x,y,k)+0{k-n 

where 

• i? is a section of LML ^ such that \\E{x, y)\\ < 1 if x ^ y, 

E{x, x) = u (E) u, \fu E Lj; such that ||u|| = 1, 

and dE = modulo a section vanishing to any order along the diagonal. 

• /(., k) is a sequence of sections of Kt^ Ka ^ AP which admits an asymp- 
totic expansion in the C°° topology of the form 

f{.,k)^ f0 + k-'fi+k~^f2 + ... 

whose coefficients satisfy dfi = modulo a section vanishing to any order 
along the diagonal. 
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Let us define the principal symbol of (Sk) to be the map x faix, x). Using the 
Hermitian structure of Ka, we regard it as a section of Hom(A'a, Xt) M. The 
principal symbol map 

cr : T{a, h) ^ C°^{M, Hom(A"a, Kb)) 
satisfies the expected property. 
Theorem 3.1. The following sequence is exact 

^ T{a,b)nOik-^) ^T{a,b) ^ C°°(M, Hom(A'a, ifb)) ^0, 
where the 0{k^^) is for the uniform norm of operators. 

The composition of these operators is also as expected, with some complications 
regarding the product of the symbols. Given three complex structures ja, jb a-nd jc 
of M, we denote by {ja, jb, jc) the function of C°°{M) whose values at x is the 
complex number ija{x), jb{x), jdx)) defined in section 2 with E = T^M. 

Theorem 3.2. Let a, b and c belong to /C. If T E T{a,b) and S G J^{b,c), then 
S o T is a Fourier integral operator of !F{a,c). Furthermore, 

a{S oT) = CH]a,]b,Jc) o{S) oa{T). 

The two previous theorems were essentially proved in the chapter 4.1 of [7] except 
the formula for the composition of the symbols, which will be proved in chapter 4. 
Since the composition of operators is associative, the same holds for the symbol. 
Observe that this can be directly checked with the cocycle relation (2). 

!F(a,a) is the space T{a) of Toeplitz operators of Ti.{a). Equivalently, a Toeplitz 
operators is any sequence (T^ : Hkia) Hk{a,)) of operators of the form 

Tk = Ilkgi;k) + Rk, 

where 11^ is the orthogonal projector of L'^{M,L'' (g) Ka) onto Ti.k{a), g{-,k) is a 
sequence of C°°{M) with an asymptotic expansion go + k^^gi + ... in the C°° 
topology and Rk is 0{k~°°). As a result the principal symbol (j(Tk) is the function 
go. Let us define the normalized symbol of (T^) to be the formal series 

gi.,h) + ^Agi.,h), 

where g(., h) = go + hgi + ... and A is the holomorphic Laplacian. We are actually 
only interested in the two first terms of this series, which arc the principal symbol 
and the subprincipal symbol gi + ^Ago- As a consequence of the works of Boutet 
de Monvel and Guillemin, the product of the normalized symbol is a star-product 
([5]). 

Theorem 3.3. Let S be a Fourier integral operator of J-(a,b) and Ta £ T{a), 
Tb G be two Toeplitz operators with the same principal symbol f. Then 

TboS-SoTa^^R 

with R e J-{a,b). Furthermore the principal symbol of R is 

a{R) = (/i,. - /i,a + \{a,^,n^Xf))a{S) + 1^1°^^"-"^^ a {S) 

where 

• fi-a, fi,b are the subprincipal symbols of Ta and Tb respectively, 

• Xf is the Hamiltonian vector field of f. 
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• Oij^j^ is the one- form of AI such that 

where is the section of 

Rom{A'^f T*M, Ajj°r*M) ^ M 
whose value at x is the endomorphism (3.) jj^(^) defined in 2.1 with E = 

^1 



TxM . The connection V is induced by the Chern connections of A"''^T*A1 



and A"'°T*M. 

Jb 



By theorem 3.2, TbS — STa is Fourier integral operator of !F{a, b). Since 

CHjaJaJb) = CHjaJbJb) = 1, 

its principal symbol vanishes and consequently R e !F{a,b). So the proof of the 
theorem consists in computing the principal symbol of R. This is postponed to 
chapter 6. Let us deduce some interesting consequences. Applying the theorem 
with two Toeplitz operators S and T of T{a), we recover that the principal symbol 
of j[S, T] is the Poisson bracket of the principal symbols of S and T. Actually, we 
can also compute the subprincipal symbol of j [S, T] with the previous theorem. 

First, the operators of J- {a, b) may be used to identify 7i(a) with Ti.{b) in a semi- 
classical sense. More precisely, we consider the space UT{a, b) consisting of Fom'icr 
integral operators of J^{a, b) which are unitary in the sense that 

SkSl = IdHfc(a) and SlSk = Id-Hfc(6) 

when k is sufficiently large. By some standard argument that we briefly recall now, 
UT{a,b) is not empty if and only if Ka and i^h are isomorphic as line bundles. 
First it follows directly from the definition of a Fourier integral operator that the 
adjoint of an operator S G ^(a, b) belongs to T{b^ a) and its principal symbol is 
the adjoint of the principal symbol of S. So if S* G UJ-{a,b), theorem 3.2 implies 
that the principal symbol of S* is a line bundle isomorphism Ka Ki,. Conversely 
if Ka and Kb are isomorphic, there exists an elliptic R G J-{a,b), meaning that 
its principal symbol doesn't vanish anywhere. Then R*R is an elliptic Toeplitz 
operator by theorem 3.2. So {R*R)~^ is a Toeplitz operator (cf. as instance [6]). 
Finally R{R*R)-i belongs to UT{a,b). 

Now if /S G UJ-{a, b) and Tq is a Toeplitz operator of Tl{a), then by theorem 3.2 

n = sTaS* 

is a Toeplitz operator of Ti.(b) with the same principal symbol as Ta- Applying 
theorem 3.3, we compute its subprincipal symbol in terms of the principal and 
subprincipal symbols of Ta'. 

(7) .fi,b^ fi,a + {as - ^aj^^j^,Xf) 

where ag is such that 

yHom(K„,if.)^^^^ = las ® (r{S). 
A consequence of this formula is the following result. 

Theorem 3.4. The composition law *a of the normalized symbols of the Toeplitz 
operators of7i{a) satisfies: 

f*a9 = f9+^,{f,9] + 0{h^) 

and 

Uf*ag~g*af)^ {f,g} - h{u;,^ - \ujk^,x^ a x^) + 0{h^) 

where jcoj^ and jt^K^ are the Chern curvatures of A^f'T* M and Ka respectively. 



SEMI-CLASSICAL PROPERTIES OF GEOMETRIC QUANTIZATION 



9 



Indeed, if Ka and K^, are isomorphic and *a satisfies the result, the same holds 
for because of (7) and the relations 

= + LOj^ , ujKf, = das + ^k^ ■ 

Furthermore we can explicitly compute *a, in the case where M is C" with 7i(a) 
the Bargmann space, and the result is satisfied. Of course, this is not sufficient to 
conclude. But it appears in the proofs of the previous theorems that all the results 
about the symbolic calculus are completely local and we can really deduce in this 
way theorem 3.4. 

4. Proof of theorem 3.2 

The proof relies on the complex stationary phase lemma. We only sketch the first 
part, because the details appeared in [7], with some typos however. The Schwartz 
kernel of an operator S £ ^(a, h) is by definition of the form 

—) El,ix,y)f{x,y,k) + 0{k-^) 
Let us write on a neighborhood of the diagonal 

The following lemma is proved in [7]. 

Lemme 4.1. The one-form aa,b vanishes along the diagonal of M"^ . Furthermore, 
for every vector fields Xi , X2 ,Yi,Y2 of M 

CiX,,x,){aaM, {YuY2))ix, x) = Lu{qa,biXi - X2), Y,){x) + Loiqb^aiXi - ^2), Y^^x) 

where qafi{x) and qb,a{x) are respectively the projections onto {T^M)^^'^ with kernel 
{TxM)]f and onto {TxM)]'° with kernel {T^Mf/^\ 

Consider now S £ ^{a, b) and S' g J^{b, c). The Schwartz kernel of S'S is 

(2^) j^El^X^,y).El,{y,z)nx,y,k).f{y,z,k) ^./(y) + 0(fc-°°) 

with the Liouville form of M. Since \Eb_c{xTy).Ea^b{y,z)\ < 1 outside the 
diagonal of M^, this integral is 0{k^°°) outside the diagonal of M^, and to estimate 
it on a neighborhood of (x, z) = {x, x) it suffices to integrate on a neighborhood of 
x. We evaluate the result by applying the stationary phase lemma. Let us write 

(8) EbAx, y)-EaAy, z) = e'^^^-^'^hix) ® i{z) 

with t a unitary local section of L ^ M . We deduce from the previous lemma the 
following facts. 

• dy^ vanishes along the diagonal A3 of . 

• if Yi and I2 are two tangent vectors of M at x, 

(9) dl^{Yi,Y2){x,X,x) ^ L0{qc,bYl,Y2){x) ~ Uj{qa,bYl,Y2){x), 

In particular dy$ is non-degenerate along A3. 

• the kernel of the tangent map to dy^ at (a;, x, x) is 

(r(,,,,,)A3 ® c) © ((r,M)°;' x (o) x (o)) ® ((o) x (o) x {t^m)]-^). 

These ensure that we can apply the stationary phase lemma (cf. [13] or the 
appendix of [8]). Thus the Schwartz kernel of S' S is of the form 

—) F\x,z)g{x,z,k) + 0{k~^) 
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where g{.,k) is a sequence of sections of Kc Ka which admits an asymptotic 
expansion in negative power of k and 

F{x,z) = e**''(^'^)i(a;) 

with 

(10) $'^(x,z) = $(a;,y,z) 

modulo a linear combination with C°° coefficient of the functions dyi^{x, y,z),i — 
l,...,2n. 

Let us check that the section F satisfies the assumptions following equation 
(6). Since dyi^ vanishes along the diagonal, it follows from (8) that ^^{x,x) = 0. 
Furthermore, we have 

Lemme 4.2. Consider as a complex manifold with complex structure {jc, ~ja)- 
Then OF = modulo a section vanishing to any order along the diagonal. 

Proof. Introduce complex coordinates x^, on M for jc- Let us write 

Vt = i t ® Ojdx^ — cijdx-' . 

Derivating equation (8) and using that V(a^; o)^b,c vanishes to any order along the 
diagonal of M^, we get 

(11) ^s'<^>{x,y,z) + a^{x) =0 

modulo lAsioo), i.e. modulo a function vanishing to any order along the diagonal 
ofM^. Thus 

d^idyi<^(x,y, z) = mod Xa3(oo). 
In the same way, if z^, z" are complex coordinates for ja, we show that 

dzidyj<^{x,y, z) = mod Za3(oo). 
Then we deduce from (10) and (11) that for any multi-index a and /?, the function 

df\..dti''^dl^\..d^}'^\d,.^^{x,z) + -a,{x)) 
vanishes along the diagonal A2 of NP . This implies that 

modulo a section vanishing to any order along A2. We treat in the same way the 
covariant derivatives of F with respect to the vector fields (0, d^i). □ 

Then since the kernel of S' S \s & holomorphic section of 

the coefficients of the asymptotic expansion of g{.,k) satisfy dgi = modulo a 
section vanishing at any order along the diagonal. So we proved that S'S is a 
Fourier integral operator of .F(a, c). 

Final step is to compute its symbol. By the stationary phase lemma, we have 

g{x, x, k) = f'{x, x, k).f"{x, X, k) ^}''\ — + O(fc-i) 

det^ [—idy3dyk<^{xTX,x)\j^k 

where 

y.M{y)^5{y).\dy\..dy^^^\ 
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We deduce from (9) that 

-idl^{Yi,Y2){x,x,x) = ~Lu{iqc.bYi - iqa,bYi,Y2){x) 

= -UjijbqcbYl + jbqa,bYl,Y2){x) 

= 9biqc,bYi + qa,bYi,Y2)ix) 

where gi, is the metric uj{X, ji,Y). Since the LiouviUe form fi]\i is the Ricmannian 
volume for gi,, it comes that 

5(x) , _i, _ , 

J =det [qc,b + qa,b]{x) 

det^ [—idyj dyk^{x , X, x)]j,k 

Thus to obtain the formula in theorem 3.2, we have to show that 

det'^qcb + qaM = CHjaJbJc)- 

To see this, let us choose jb as the reference complex structure and let us associate 
to ja and jc the bundle maps /x^ and fif. from A^'^T*M to A°^^T*M as in (4). On 
one hand, we have by (5) (since yUb = 0) 

C(ja,Jfc,Jc)=det-M 



On the other hand, T^'M is the graph of -ui : T"'M T]'^M. It follows that 
qa,b is the map 





Ma Id 

Similarly, qc^b is the map 

Id ^li 



Jh Jb Jb Jb 



/ ' ]b 3b ^ 3b 



The result follows. 



5. Half-form bundle and quantization 



5.1. Preliminaries on half-form bundle. Let j be an almost-complex structure 
of M. Recall that a half- form bundle of {M,j) is a complex line bundle 6 ^ M 
together with a line bundle isomorphism 

which covers the identity of M. Two half-form bundles {6a, fa) and {5b, (fb) are 
isomorphic if there exists a line bundle isomorphism : Sa Sb covering the 
identity and such that 

ipbO-^^ = ipa. 

In the case where there exists a half- form bundle, there are Z2) isomor- 

phism classes of half-form bundles. 

The existence and the choice up to isomorphism of a half-form bundle over a 
symplectic manifold (M, oj) is in some sense independent of the almost complex 
structure, providing it is compatible with uj and positive. To see this we extend the 
previous notion of half-form bundle isomorphisms to the collection 2? consisting of 
the triples {j, 6, if) , where j is an almost-complex structure of M compatible with 
uj and positive, and {S,ip) is a half-form bundle for {M,j). 

Let us define a half- form bundle morphism {ja,5a,fa) — > {ib,5b,fb) to be an 
isomorphism of line bundles ^ : (5a ^ 5b such that 

(12) ipbO'^'^ = -^j^,j,OLpa. 
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Here is the morphism A''-^^T*M K'--^T*M defined over x & M as in 

definition 2.1 with E = T^M and the complex structures ja{x) and jb{x). 

The composition of a morphism 5* : {ja, Sa, (fa) ~> {jb,5bi'fb) with a morphism 
: (jb, ^6, ^ (jc, ^c, Vc) is defined as 

where the product o on the right-hand side is the usual composition of maps and 
the function {ja, jb, jc) is defined as in section 2. Observe that o„j is the product 
of symbol appearing in theorem 3.2. 

It is easily checked that T> with this collection of morphisms is a groupoid. The 
associativity of Ojjj follows from the cocycle condition (2). Equations (3) imply that 
the identity 1q of Sa is the unit of [ja, 5a, ^Pa), i-e. 

la 0„i = 0„, la = 

if * and ^' arc any morphisms (jh, 5b, ipb) {jaJa, (fia) and (ja, <5a, Va) {jb, 5b,(pb) 
respectively. Moreover, for any {j, 5, ip) G V, define the Hcrmitian structure of 5 in 
such a way that if becomes an isomorphism of Hcrmitian bundles. Then since 

. = vi/ 

the adjoint 5** of any morphism : {ja,5a,^a) {jb,5b,^b) is a morphism 
{jb,5b,^Pb) -> [ja,5a,'Pa) Satisfying 

(13) **o„,* = l„ *o„,** = U. 

So 5* is invertible, with inverse 5**. 

If a and b in V are isomorphic, there exists exactly two morphisms a — > 5. 
Observe also that given an almost complex structure j, each isomorphism class of 
V has a representative whose almost complex structure is j. So the existence of a 
half-form bundle doesn't depend on the almost complex structure. And there are 
Z2) isomorphism classes in V if it is not empty. 

5.2. Quantization. Let us consider now the collection Vint consisting of triples 
{j,S,ip) G T) with an integrable complex structure j. Given a £ I'intj let us denote 
by Q™(a) the Hilbert space of holomorphic sections of L'' ® 5a- With our previous 
notations 

Qt{a) ■.= Hk{ja,5a). 

Here the holomorphic and Hermitian structures of 5a are such that (pa '. 5a 
is an isomorphism of holomorphic Hcrmitian bundle. 

If a and h belongs to Pint, any half- form bundle morphism : 5a ^ 5b in the 
symbol of a unitary Fourier integral operator of J^{{ja, 5a), {jb, 5b)) 

: QTia) QTib), fc=l,2,... 

Indeed if S" is a Fourier integral operator with symbol 4", it follows from (13) and 
theorem 3.2 that S*S is a Tocplitz operator with symbol 1. Hence S{S* S)^^^^ is a 
unitary Fourier integral operator with symbol ^ . 

Contrary to the notations, J7™('I') = (C^™(^'))fc is not uniquely determined by ^. 
It is unique modulo multiplication by a unitary Toeplitz operator of symbol 1 . So 
strictly speaking, J7™(^') is an equivalence class of Fourier integral operators. To 
avoid any confusion we will say that two such operators are equal modulo 0{h). 

Theorem 5.1. J7™ is functor ial, that is if is the composition of the morphisms 
of half-form bundle 5"' and 'f, then 

V^i^") = [/'"(^-O o [/"'(«') modulo 0{h). 
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Furthermore if is a half-form bundle morphism a b, the map sending the 
Toeplitz operator T : Q'"(a) Q'"(a) into 

preserves the normalized symbols modulo 0(h^). 

First part is an immediate consequence of theorem 3.2 because the composition 
of half-form bundle morphisms is the same as the composition of symbols. Second 
part follows from theorem 3.3, or more directly from formula (7). 

The group Q of connection-preserving Hermitian automorphisms of L acts on 
the quantum spaces as follows. First an automorphism $ of f/ covers a symplec- 
tomorphism (j) of M . Then $ acts on Pint by sending a = (j, (S, ip) into <i>*a := 
(j)*5^ where (j)*Lp is defined in such a way that the diagram 



commutes. Finally the operator 

restricts to a unitary operator Q'"(a) Q™($*a) that we denote by (f>*. 

Let us consider now a G P, fixed until the end of this section. If $ belongs to 
the identity component Qo of G, then a and are isomorphic half-form bundles. 
In this case, we associate to any morphism 'i/ : $*a a the sequence of operators 

As the operators U™{'i'), 1/^(^1',$) is uniquely defined up to multiplication by a 
unitary Toeplitz operator with symbol 1. Denote by Q™ the set of pairs (^',<I') 
where ^ £ Go and 5* is a half-form bundle morphism $*a — > a. 

Theorem 5.2. For any half- form bundle a G Pint, endowed with the product 

$l).(*2, *2) (*2 On, ($2*l), ^"1 ° ^"2) 

is a central extension of Go by li- Furthermore is a right-representation of G™ 
up to 0{h) in the sense that 

¥""{^2, $2) o V'i^i, $1) = $i).(*2, $2)) mod 0{h). 

In the definition of the product of t?™, we used the following action of G on the 
half-form bundle morphisms. If $ is prequantization bundle automorphism of L 
covering the symplectomorphism (j) and 4* is a morphism a b, then <I>*vI' is the 
morphism <E>*a —^ 3>*6 defined in such a way that the diagram 

Sa — - — > Sb 



(j)*Sa ^ > 4i*Sb 

commutes. One deduces easily from the relations 

= ($1 O $2)*^', On, *2) = On, ($*^'2 

that Gq^ is a group. Furthermore, one has 

U"\<S>*'^) = o U"\^) o i^*)-^ mod 0(fi) 
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which imphcs the last part of the theorem: 

=[/"X*2) o ?7'°(^2*i) ° (*i ° *2)* mod 0{h) 

= [/"X*2 Om $2*1) ° (*1 ° *2)* mod 0(ft) 
= V^"^((*l,$l).(*2,*2)) 

by theorem 5.1. 

It is well-known that the Lie algebra of Qq is C°° (M, R) , the Lie bracket being the 
Poisson bracket (cf. (16) for an explicit formula for the exponential map). Let us 
associate to any / G C°°(M) a Toeplitz operator Q™(/) of Q™{a) whose normalized 
symbol is / modulo 0{}t?). By theorem 3.4, we obtain a Lie algebra representation 
up to 0{h) in the sense that 

i [kQt{f),kQt{g)\ = kQtiif, g]) + 0{k-^) 

By exponentiating we recover the representation of theorem 5.2. 

Theorem 5.3. For any f G C°°(M, IR), we have 

exp{it.kQf{f)) = V^r(*t, mod 0{h) 

where 3>t = exp(i/) and (^'t) is the continuous family of half-form bundle mor- 
phisms : a — > $^0 such that is the identity of 5a- 

This last result will be proved in section 8 (cf. remark after corollary 8.3). 

5.3. Reformulation of the results of chapter 3. Assume that (M, w) admits 
a unique half-form bundle up to isomorphism. If this is not the case we can still 
apply what follows by restricting to an open contractible set of M . 

Let us return to the quantum spaces 'H{a) defined from a complex structure 
ja and a Hermitian holomorphic line bundle Ka — > M. As in [8], we introduce a 
half-form bundle ((5a,</3a) and a holomorphic Hermitian line bundle Li^a such that 

Ka= 8a® Li^a- 

For another pair (jb, K},)., introduce in the same way {5b, fb) and Li^b- Then rewrit- 
ing the formulas of chapter 3 with these data, we get more transparent results: 

• The formula for the commutators in theorem 3.4 becomes 

Uf 9 - 9 *a f) = {/, 5} - Hu^.a, Xf A X,) + 0{h^), 

where iwi,a is the curvature of Li,a- 

• Denote by Ma,b the set of half-form bundle morphisms (ja,'5a,<Pa) 
{jb,5b,ipb), then 

}iom{Ka,Kb) = Ma,b XZ2 ^0^{Ll,a,LiM) 

where we divided by Z2 to identify (\I',\I'i) with (— ^^i). The compo- 
sition of symbols in theorem 3.3 is then the product of the composition of 
half-form bundle morphisms with the usual composition. 

• The symbol of a unitary operator S € UT{a, b) is of the form [i>, ^^i] with 
\1/ G Ma,b and ^'i a unitary isomorphism Li^a — * ^1,6- Furthermore the 
equivalence of the star-products *a and *b induced by S is up to second 
order 

fa^ fa + n{ai,Xfj + oih^) 

where ai is such that V"°™(^i>"'-^i-'')*i = lai ® 
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This point of view will also be useful to prove theorem 3.3 in the following section. 

6. Proof of theorem 3.3 

To prove the theorem, we consider the kernels of the Fourier integral operators 
as Lagrangian sections and interpret TbS — STa as the result of the action of a 
Toeplitz operator on a Lagrangian section. The computation of the symbol is then 
a corollary of theorem 3.4 in [8]. 

Let us regard as a symplectic manifold with symplectic form 

where tt; and tt^ are the projections onto the first and second factor respectively. 
Then L Kl L is a prequantization bundle of with curvature ia;j\/2 and the di- 
agonal map A : M — > is a Lagrangian embedding. Furthermore (jb, —ja) is a 
complex structure of compatible with ujj^p and positive. Denote by 7i(6, —a) 
the associated Hilbert space 

H[b, -a) = {holomorphic sections of {L^ M L'') (g) {Kb H Ka) Af^} 

Then the Fourier integral operators of JF(a, b) are defined in such a way that their 
kernel is a Lagrangian section of Ti.{b, —a) associated to the diagonal. 

Let S G T{a,b) with kernel S{.). Let Ta and Tf, be Toeplitz operators of H{a) 
and TL{b) with normalized symbols /a(., h) and /{,(., h) respectively. Then it is easily 
checked that the kernel of Ti,S — STa is TS{.) where T is a Toeplitz operator of 
Ti.{b, —a) with normalized symbol 

g{x,y,h) = fb{x,n) ~ fa{y,fi). 

Assume now that Ta and Tb have the same principal symbol. Then the principal 
symbol of T vanishes along the diagonal and consequently the principal symbol of 
TS{.) vanishes. By applying theorem 3.4 of [8], we obtain the principal symbol of 
A:"^T5(.) which corresponds to the principal symbol of k~^(TbS — STa). 

Let us use the half-form bundles as in chapter 5.3. The symbol of 5 as a Fourier 
integral operator of !F{a, b) is a class [^', ^'i] where 4' is a half-form bundles mor- 
phism Sa — > Sb and ^'i a bundle morphism Li a —> ii.ti. We have to show that the 
symbol of k-\TbS - STa) is with 

(14) = _ + 1 vH°-(^i-^i>)vi/i 

where X is the Hamiltonian vector field of / and fi,a, fi.b are the subprincipal 
symbols of Ta and Tb respectively. 

To the morphisms ^ and 'I'l correspond two sections 

* e C°°{M,5b®~5a). *i e C°"(M,Li,, ®Li,a). 

The principal symbol of the Lagrangian section S{.) is ^ eg) ^i. The restriction to 
the diagonal of the Hamiltonian vector field of the principal symbol of T is A*X. 
Then it follows from theorem 3.4 of [8] that the principal symbol of k~^T.S{.) is 

{fl,b - ha)^ ® *1 + H^X^) §1 + «. V;^^-"^''^-*! 

It remains to explain how is defined the section -D^^ ® Sa and to prove that 
it vanishes. This will imply (14). 

Consider the isomorphism 

^ : A]fT*M K A]fT*M A|"'°^._^ T*M^ , /? K a ^ < /3 A 
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{6hM6a, £,o[ipi,M(pa)) is a half-form bmidlc of Af^ for the complex structm'e {jh, —ja)- 
Then 

is a square root of A^"T*A'/ (g) C through the map 

(ps : 51 ®~5l-^ ^'^"M ® C, Mb ® Ua ^ A*{^{ipt{ub) El (^-aK)))- 
and D'^'^ is defined in such a way that 

Then = follows from the following lemma and Liouville theorem. 

Lemme 6.1. = 

Proof. Denote by *j„ the section of Ajj°M A"j°M ^ M associated to 
Since 5* is a half-form bundle morphism, we have 

Introduce a unitary section a of A"'°M. We have = ^ja.jb('^) ci- Conse- 

quently 

^^(l'«2)=A*Kvl/^„,,,(a)A<a)) 

=q; a a 

by definition of 

=r("-2)w"/n! 

because a is unitary. □ 

7. Geometric interpretation 

Consider as previously a symplectic manifold (A/, lu) with a prequantization bun- 
dle (L, V). The space J of almost complex structures of M compatible with uj and 
positive may be regarded as the space of sections of a fiber bundle over M, which 
turns it into an infinite dimensional manifold. Let us fix a isomorphism class D 
of half-form bundles and choose for any j & J a, half-form bundle of (Af , j) which 
represents D and depends "smoothly" on j. One way to do that is first to choose 
(joi ^0) <Po) representing D and then to set 

Let ^ J7 be the bundle of prequantum spaces, whose fiber at j is the space of 
smooth sections of ® 5j. Let us consider now a submanifold jTint of J' which 
contains only integrable complex structures. Assume that the family of Hilbert 
spaces 

2fc!j ■= {holomorphic sections of L'' ® 5j}, j £ Jint 
defines a smooth subbundle — > Ji^t of Jint, when k is sufficiently large. 

This assumption is satisfied as soon as the dimension of Q™j is constant when 
j runs over jTlnt- This follows from Fredholm theory because Q™^- is the kernel 
of the holomorphic Laplacian, an elliptic second order diff'erential operator whose 
coefficient depend smoothly on the complex structure. Furthermore as noticed by 
Foth and Uribe [9], for any complex structure jo, there exists an integer N such 
that the dimension of Q™^ is constant when j describe a neighborhood of jo and 
k is larger than N. The C^-topology is involved here to control the curvature term 
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in the Bochncr-Kodaira identity and deduce a uniform vanishing theorem. Then 
the dimension of Q™^ is given by the Riemann-Roch theorem. 

Before we continue, let us note that and Q™ depend only on the isomorphism 
class D, providing we regard them as the orbifold bundles 7'™/Z2 and QJjV^z, 
where Z2 acts trivially on the base J and by ±Id on the fibers. Indeed, let us 
consider another smooth family {Sj,(fj)j^j, obtained as above by choosing a half- 
form bundle (jo, ^0, <Po) representing D and denote by the associated bundle of 
prequantum spaces. Then there exists exactly two continuous families 

of half- form bundle morphisms. These families induce isomorphisms T'™ 
and Q™, which are unique up to the Z2-action. All the constructions which 

follow only depend on D in this sense. 

First we define a connection on V"^. Given a tangent vector ^ of at jo, let 
us introduce a curve jt of tangent to /i at t = and consider the continuous 
family {"^t) of half-form bundle morphism (Sjg , ipj^ ) — > {6j^ , ipj^ ) such that 'I'o is the 
identity of 6jg . Then we define the covariant derivative of a section <f> of with 
respect to ^ to be 

V^°$ (jo) := ^ ^i'Mjt) 
at t=o 

where the derivative is in the i-independent space V^j^ . The connection on is 
then defined as 

V^" := Hfe o V'^" 

where 11^ is the section of End(7^™) which at j is the orthogonal projector onto 

Theorem 7.1. For any k, the connection V®*: is compatible with the Hermitian 
structure. Furthermore, 

• For any j £ Jint and 77, /i G TjJ'int, the sequence of curvature 

i?2"(,7,^):Q- . ^Q- , A: = 1,2,... 

is a Toeplitz operator whose principal symbol vanishes. 

• For any curve 7 of J-^^t with endpoints ja and jb, the sequence of parallel 
transport 7 in Q™ is a unitary Fourier integral operator 

of J-{{ja,6j^),(jh,Sjj^)). Its principal symbol is the half-form bundle mor- 
phism Sj^ Sjj^ obtained by extending continuously the identity of Sj^ in 
half-form bundle morphisms Sj^ — > ^7(t)- 

The proof is postponed to section 10. Let us compute the curvature of V^. 
Given an almost complex-structure jo G J^, we can represent any j G ^7 as a section 

^ G C°°(M,Hom(A];°r*M, A°^^T*M)) 

such that the graph of fi{x) is A^'^T^Af for any x G M. In this way, we identify the 
tangent space to J at jo with 

T,,J C^iM,Rora{A]fT*M,Af^T*M)); f,* {.)) = O} 

and J' becomes a neighborhood of the zero section of Tj^J. 

Theorem 7.2. The connection V'^'= is compatible with the Hermitian structure. 
Its curvature at rj, 11 £ TjJ is given by 

R^^ (?7, Ai) $ = itr(77./2 - ^1.7]) $ G 
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It is interesting to compare the previous theorems with the results of Foth and 
Uribe [9] . The curvature of Q™ is the sum of two terms which cancel each other at 
first order. The first term is the curvature of and the second one is a commutator 
(cf. lemma 8.6). In the case considered by Foth and Uribe, the prequantum spaces 
are defined without half-form and consequently don't depend on the complex struc- 
ture. Then the bundle Ji^t x C^{M,L'') is endowed with the trivial connection, 
and composing with the Szego projector, we obtain a connection on the quantum 
space bundle. Its curvature equals a commutator (cf. lemma 2.1 of [9]), which is 
essentially the same as in our situation, and isn't canceled by the curvature of the 
prequantum bundle, flat in this case. 

Proof of theorem 7.2. Let jo be a fixed almost-complex structure and let us identify 
J with an open convex set O of Tj„ J as previously. Let us compute the connection 
in the trivialization 

P^ ^ O X T',- „ 

induced by the continuous family of half-form bundle isomorphisms ('5jo,(^jo) — > 
((5j, (/3j) extending the identity of 5j^. 

Let /i(i) be a curve of O covered by a section $(t). By lemma 2.3, the con- 
tinuous curve of half-form bundle morphisms ^'t : 5^(o) ~^ ^K*) ^^"^ previous 
trivialization the multiplication by the continuous square root of 

t^detl Vdet-^ 



fiiO) U J- V M(i) Id 

equal to 1 at t = 0. Then we have 

vrg)*(o) = I . „*r^*(i) 



t=0 



1 



= -^ti-[mm (Id - Ko)m) '} m + 4>(o) 

Thus we have V^*" = d + a with 

Finally it is easy to compute the curvature at the origin of O, where a vanishes 
which leads to the formula of the theorem. 

To check the compatibility of the connection with the scalar product, observe that 
our trivialization doesn't preserve the scalar product. Actually since ^'*^ j o = 
CUoJJo), we have 

Jm [Jo,.], Jo)[x) ^ '° 

Then using again that the connection form a vanishes at the origin and that 
C(jo, j, jo) = 1 + 0{\j - jop) we deduce that for every section $, of O x P^^j^, 

rf($, $') = (V^"*, $') + ($, V^"$') 
at the origin. □ 

Remarque 7.3. It is immediate to deduce the first part of theorem 7.1. Since 11 
is self-adjoint, if $ and $' are section of Q™ jTint, then 

(v2"$,$') + ($, v2"$') =(nv^"$,$') + ($,nv^"$') 

= (V^"$, $') + ($, V^"$') 
which proves that V^*^ is Hermitian. □ 
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8. Action of the prequantization bundle automorphisms 



Adapting the constructions of section 5, we define an action of the identity com- 
ponent Qo of the group of prequantization bundle automorphisms of {L, V) on 
and Q™. For any equivariant vector bundle equipped with an invariant connection, 
one defines a moment (cf. definition 7.5 in [3]). This notion makes sense in our 
infinite dimensional setting. In the first part of this section, we prove the moment 
of a function / in the Poisson Lie algebra C°°{M) is a Toeplitz operator. From 
this we compute the solution of Schrodinger equation in terms of parallel transport. 
This last result was obtained in [9] in the case without metaplectic correction. This 
enables us to deduce that the quantum propagator is a Fourier integral operator 
from the fact that parallel transport is such an operator. Next we compute the 
commutator of Toeplitz operators in terms of the curvature of the quantum space 
bundle. This prove our estimate of the curvature is sharp. Finally we explain how 
the same ideas apply in the case without metaplectic correction. 



8.1. The infinitesimal action of Qo on the bundles and Q™. Let us start 
with the definition of the action of Qo on P™. An automorphism ^ € Go covering 
the symplectomorphism (j) acts on the base by sending j into (f>*j. Let us lift 
this action to 7-"™. Given j £ J', there are exactly two bundle maps (f>* : 6j S^*j 
covering </> such that the diagram 

A"^OT*il/ A"i°.T*M 
commutes. Then the pull-back by 

is a linear map T'™^ — > VJ^^,j. Choosing the bundle map Sj S^^j in such a way 
that it depends continuously on j, we obtain the action of $ on "P™. Since this 
action is only defined up to multiplication by —1, wc obtain merely a t/o-action on 
the orbibundle (P^.^z)- 

Given a function / G C°°{M), let us define the operator 

1 



OPkif) := / + ^(V^ ® Id + Id ® Dx) : P^, ^ V^,, J e J 



where X is the Hamiltonian vector field of / and Dx is the first order differential 
operator of C°°(M, 5j) such that 

(15) p,Cx^jif3^) = 2ipj{p®{DxP)), y (3e C°°{M,5,) 

withpj the projection of A"T*M®C onto A]'°T*M with kernel A""^'^T*Af © ... © 
A°'"T*M. 

Recall that the Lie algebra of Qo may be viewed as C°° (M, M) . Given / e 
C°°(M, R), $t := exp(i/) is the automorphism of L which covers the Hamiltonian 
flow </)( of / at time t and is given by 

(16) <i>,(^) = e'*/(-)7i.^, ifeei. 

where 71 is the parallel transport from to ^^((a;) along the Hamiltonian flow. 
Theorem 8.1. Let f £ C°°{M,R) and denote by 

ut : pr ^ 
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the action o/exp(t/) on 7"". Let Jq G and j : M ^ J' be the curve jt = (f'tJo- 
For any sq G the section s of j*!^^^ defined by St = Ut-SQ satisfies 



The action of the symplectomorphism group on J' preserves the subspace of inte- 
grable ahiiost complex structures. Assume that jo G -Jint and that the submanifold 
jTint is invariant under the action of exp{tf). Then the operator Ut restricts to an 
operator Q^j^ QTjt ^^'^ section s of j*Q™ defined as above satisfies 

where is defined by 

Q',"(/) ■.^U,,,Op,{f):QT,-^QT,. 

We proved in [8] (cf. theorem 1.5) the the sequence (Q™(/))fc is a Toeplitz operator 
whose normaUzcd symbol is / + 0{h^). 



Proof. First we may assume that sq = a (3 with a G C°°{M,V^) and (i G 
C°°{M,5j„). Furthermore since Ut o Us = Ut+s, it is sufficient to prove the re- 
sult at i = 0. Let us write 

at = Pt = d^*tl3 & C°°{M, 6,,). 

Then Ut.{a (S) f3) = at '8) Pt and consequently 



at® Pt + ctt® $t 



where the derivative at is in the i- independent vector space C°° {M, L'^) and 

d_ 

dt 



(17) 



/3o 



with "^t ■ ^ja ~* ^jt the continuous family of half-form bundle morphisms such that 
\l>o is the identity of 5jg . It is a classical result that 

1 



at^^k[f + -V^,^)at 
So it remains to prove that 

Denote by D the map sending (3 e 6jg into $q defined in (17). I) is a first order 
differential operator. We have to prove that 

We have 



"dt 

d 



t=0 



=P3o 

d_ 

~di 



dt 



rtVjoiP') 



Now it follows from the definition of ja.jt that 
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Since is a half-form bundle morphism, we obtain 

d 



dt 



'dt 

which was to be proved. □ 

8.2. Schrodinger equation. As a corollary of theorem 8.1, we obtain the relation 
between the parallel transport in P™, the action of Qo and the Schrodinger equation 
with Hamiltonian Opj.(/). 

Corollary 8.2. Let 7^ * : V^^^ — > 'P'kjt parallel transport along the curve 

t it- Then the family of operators 

satisfies 

^|p*.o = Op,(/)P..o 



k,jo ■ 
-V" 



for any Sq G Vjl 

Proof. Since 7^' is parallel transport, 

=(7;''")-'0pt(/)c/,s„ 

by theorem 8.1. Furthermore for any function g G C°°(M), we have 

C/t0pfe(.g) = 0p,($*5)[/,. 

So Ut and Opj,(/) commutes, because / is preserved by its Hamiltonian flow. Con- 
sequently 

(18) l±p,so^PtOp,{f)so. 

To conclude, we prove that Pt and Opj.(/) commute. Wc have 

±{P,op,{f){Pt)-') =PtOp,if){Pt)-' - PtOp,{f){Pt)-'Pt{Ptr' 

=ik{Pt Opl{f)iPt)-' ~ Pt Op,if)iPt)-'Pt Op,{f)iPt)-') 
=0 

because of (18). □ 

Let us assume again that jo G jTint and that jTint is preserved by the action of 
exp(t/). Then arguing as in the previous proof, we can deduce the similar result 
for the bundle Q^. 

Corollary 8.3. Let T^*" : Q^^j^ ^Tjt parallel transport in Q™ along the 

curve t ^ jt- Then we have 

where P^^ is the operator (T^^")-! o Ut : Q^J^^^ ^ Ql}^^. 
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Recall that Q™(/) is a Tocplitz operator whose normalized symbol is / + 0{h^). 
Then theorem 5.3 follows from the fact that the parallel transport in is a unitary 
Fourier integral operator (cf. theorem 7.1). 

8.3. Commutators and curvature. In the next theorem, we compute the com- 
mutator of Opf.{f) and Opi^{g) (resp. Q™(/) and Q™{g)) in terms of the curvature 
of P^" ^ J (resp. Ql}^J). 

Theorem 8.4. Let f and g be two functions of C°°{M,'R). Then 

zfc[Op,(/),Opfc(.g)] = Op,({/,5}) + izk)-'R^^\v,f^) 

where rj and ji are the vector fields of J corresponding to the infinitesimal action 
of f and g on J . Furthermore, 

*fc[Qfc(/),Ql"(.9)] = Q?^({/,5}) + (*A:)-^i?2"(77,/i) 
when T] and are tangent to J7int- 

Since is a Toeplitz operator with normalized symbol / + 0{h^), it follows 

from theorem 3.4 that 

(19) ^HQkif), QTig)] = Qmf,9}) + o{k-') 

This is consistent with the second equation of the previous theorem and the fact 
that R^'k{r],ij) is 0(fc"i). Moreover, on can prove in this way that i?^" can't be 
0(fc~^) except for particular sub manifolds Jmt- Indeed given a complex structure 
j, there is a star-product *j such that for any functions / and g, 

QTifh ° QTi9h ^ QTiK, k)), + 0{k-°°) 

where h(., k) has an asymptotic expansion h^ + k~^hi + .. whose coefficients satisfy 
f *j g = 'Y^ti'hi. One can prove that *j is a Vey star-product, i.e. the bidiffer- 
ential operators defining *j have the same principal symbol than the bidifferential 
operators defining the Moyal-Weyl star-product. Hence 

^^'\f *3 9 - 9 *3 f) = {/- 5} + fi'Aif, g) + 0{h^) 

where A is a non- vanishing bidifferential operator. So if 77 and jjL are the infinitesimal 
actions of / and g, 

R^'^{v,^ih^^k-'Qt{A{f,g)),+0{k-^). 

and Q™{A{f, g))j is not 0{k^^) as soon as A{f,g) doesn't vanish. 

The first equation of the theorem can be deduced from the expression of the 
curvature in theorem 7.2 as follows. First recall that 

[f + IT .9 + i V^'=] = {/, g} + ^ Vfl^] , 

where X and Y are the Hamiltonian vector fields of / and g. Then we compute the 
bracket of the operators Dx, Dy entering in the definition of Opj.(/) and Opi^{g) 
(cf. (15)) in terms of the infinitesimal actions rj and fi on J of X and Y respectively. 

Lemme 8.5. We have [Dx,Dy] = D[x,y] + ^^^'iPv ~ ^m) 

Proof. Given any one-form /3 and complex structure j, denote by P^'^P and P^j^P 
the component of /3 of type (1, 0) and (0, 1) for j. The vector field 77 is given at j 

by 

ilj G C°°{M, Hom(A]'"r*M, A°'ir*A/)), T^j{a) = Cxa. 
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Consequently, if a G 17^'*^ A/ 

r 1.0 r 1,0 r l 1,0 r (r OS r \ 1,0 r Ir 0,1 r \ 

Cx,Pj Crla^Pj' Lx{CY-Pj jLyja-p^ Cv^Cx-Pj jOxja 

= {p]'"^[x.Y] - Vjl^j + fijVj)a 

So if is the projection from A"T*M(g)C onto A"'°T*M with kernel AJ"^'^T*M© 
... © A°'"r*M, we have for any (71, 0)-form a 

[pj£.x,PjCY]a = {pjL^x,Y\ + tr(/2j77j - ^jMj))a 
which implies the result. □ 

Consequently, 

*/c[Opfe(/), Op,(5)] = Opfe({/,s}) + 2|rtr(w - 

and we deduce the first equation of theorem 8.4 from theorem 7.2. 

To prove the second equation, we start with the following relation between the 
curvatures of and Q™. 

Lemme 8.6. For every vector fields rj and fi 0/ J7int> we have 

where V^"^^^"^!!^ is the commutator [V^",!!^]. 
Proof. We have 

v,f"v5 =nfeV^"nfcV^"nfe 

=n,(vr^^"'n,)(vr^^"'n.)+n,(vr'''"'n,)n,v7 

Since Ul = H^, wc have Uk{V^'"^^'^^^Uk)nk = 0. So the second term of the sum 
vanishes. Using this it is easy to compute the curvature of Q™ 



which proves the result. □ 

On the other hand we can compute the commutator of 11^ with Op^.{f) in terms 
of the covariant derivative of H^. 

Lemme 8.7. Let f G {M,M.) and rj be the infinitesimal action of f on J , then 

ivr^^")n, = [Op,(/),n,]. 

Proof. This follows from theorem 8.1 by derivating the relation IlkjtUt = Utilkjo- 

' a 

Applying twice this last lemma, we obtain 

Op,(/)n, Op,(g)n, =Uk Opfe(/)n,(Op,(g) + ^v;^"'^^^")n,) 

=n,(Op,(/) + -Lvr^^")n,)(0p,(5) + -Lvr^^")n,) 
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Hence 

(20) [nfeOpfe(/)n,,n,Op,(g)nfc] = 

Similarly, we have 

Hfc Op,(/)n, Op,(g)n, =(0p,(/) - -Lvf '^(^"^n.on,. Op,{g)iik 

=(0p.(/) - ivr^^"'n,)(Op,(g) - ^vr'''"^n.)n. 

So 

(21) [nfeOpfc(/)n,,n,Op,(g)n,] - 

[0P.(/) - ivr'''"^n,, Op,(5) - ^vr^^^'n.jn. 

Now equations (20) and (21) imply 

[nfeOpfe(/)n,,n,Opfc(g)n,] = 
n. [Op,(/), Op,(g)] n. + n. [-l vr ^""^n,, ^ ^''"^n.] n. 

And wc deduce the second equation of theorem 8.4 from the first one and lemma 
8.6. 

8.4. An analog result in finite dimension. It is interesting to note that the 
expression for the curvature in theorem 7.2 is a direct consequence at least formally 
of theorem 8.1 on the infinitesimal action. Consider a finite dimensional vector 
bundle E X endowed with a connection V. Assume a Lie group G acts on E 
preserving the connection. Given rj in the Lie algebra g of G, denote by rjx the 
vector field corresponding to the infinitesimal action on the base X and by C,j the 
infinitesimal action on G°° {X, E) . Then Crj — ^rjx ^-cts by exterior multiplication 
by a section 

M(r/) e C°°{M,End{E)) 

called the moment of r/. 

Proposition 8.8. For any vectors r],fi G g, we have 

[M{V), A/(m)] = A/([,^ ^i]) + i?^(77x, Mx), 
where is curvature of \7 . 

Proof. Since the connection in invariant, we have 

[A„V] =0 

Replacing £^ with Vr/x + ^'^{''1)^ obtain that 

(22) V^"'^(^Uf(r/) ^i^^(?7x,.)■ 
Since r/ V,,^ + M{r]) is a Lie algebra representation, we have for any rj, fi E q 

[V„^ +M(77),V^^ +M(m)] =V[,,,,,]^^ +Af([77,/i]) 

Assuming that V is G- invariant, we can compute by the lemma the commutators 

[V^,,Af(M)] = i?^(/ix,?7x), [M{t]),V^x] = -i?^(77x,/ix) = R'^ipx^Vx). 
Then using that 

Nvx,^f^x] = '^[vx,t^x] +R^{VX,t^x) 

we obtain the proposition. □ 
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If we apply this equation in our infinite dimensional setting with E the bundle of 
quantum spaces or prequantum spaces and G the group of prequantization bundle 
automorphism, we obtain theorem 8.4. 

It is also interesting to consider the situation the introduction without half-form 
bundle (cf. section 1.1). Let 

Pk :=C°°(M,L'^) X Ji„t 

be the prequantum space bundle and Qk be the subbundle of quantum spaces. 
As explained in the introduction the Group Q of prequantization bundle automor- 
phisms acts on these bundle. Moreover these bundles are endowed with invariant 
connection. Then one proves that the moment of / G C°°{M) on Qk is the operator 
{ik)Qk{f), where Qk{f) is the Toeplitz operator 

QuU) i^n.Cf + lvi'") 

with X the Hamiltonian vector field of /. Consequently, one has 

where rj and ^ are the infinitesimal actions of / and g respectively on J^int- Then 
we recover the main point of the argument of Ginzburg and Montgomery: if the 
curvature vanishes, the map 

is a Lie algebra representation. Furthermore, the result of Foth and Uribe gives 
the first correction terms in the computation of the commutator of two Toeplitz 
operators. 

9. Preliminaries for the proof of theorem 7.1 

Given two complex structures ja, jb, we introduce a class of operators from VJ^j^ 
to V^^j^ extending the class of Fourier integral operator we considered previously. 
First by using the scalar product of "P™^ , the Schwartz kernels of these operators 
can be regarded as C°° sections of the bundle 

Let be a non-negative integer. We say that (T'fe)^^^. is an operator oi AN{.3a, jb) 
if its Schwartz kernel is of the form 

Tk{x,y) = ( — ) E\x,y)f{x,y,k) + 0{k-'^) 

where 

• i? is a section oi LML ^ NP such that \\E{x, y)\\ < 1 li x ^ y, 

E(x, x) = u (X) yu Cz Lx such that ||u|| = 1, 

and dE = modulo a section vanishing to any order along A. 

• /(., k) is a sequence of sections of Sj,^ M Sj^ — > V which has an asymptotic 
expansion in the C°° topology 

f{.,k) = k^f^N + k^-'UN+l + - 

where for all ^ Z ^ iV, vanishes to order 21 along the diagonal of M'^. 

As a resuh, the Schwartz kernel of Tk is uniformly 0(fc"+^). It is 0(fc"+^-^) if 
and only if /; vanishes at order 21 + 1 along the diagonal whenever 21 + 1 ^ 0. This 
follows from the fact that ln||i?|| < outside the diagonal and its Hessian along 
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the diagonal is non-dcgcncratc in the transverse directions (cf. lemma 1 in [6]). We 
define the symbol of (Tfc) as 

n-''[f-N]2N + h-''+^[f^N+iUN-i) + .... + h-^[f-ih + [fo] 

where [/_Ar-|-;]2(Ar-/) is the equivalence class of Jn-i modulo the functions vanishing 
at order 2(7V + l along the diagonal. So with the usual identification, the space 
of symbol is the space of sections of 

Sn'^" '■= ® ha ® (ft^^ Sym^N C e h^'^+^ Sym2(jv-i) C ... © Symo Cj 

where C is the conormal bundle of the diagonal of A/^. 

Theorem 9.1. The composition of S €i ^Ar(j6,ic) with S' £ -^N'UaT jb) is an 
operator oj AN+N'{ja,jc)- Furthermore there exists a bilinear bundle map 

Tja,jb,jc . qjb-jc „ cja-jb . oja-jc 

^N.N' ■ '-'N ^ '^W ^ '-'N+N' 

such that the principal symbol of SS' is L]^'^,'"'" (cr, cr') if a and a' are the symbols 
of S and S' respectively. 

Proof. The proof is essentially the same as the one of theorem 3.2 about the com- 
position of Fourier integral operators. The computation of the symbol follows from 
the version of the stationary phase lemma stated in the appendix of [8]. □ 

By extending the Fourier integral operators of J-{{ja, [jb, Sj^)) to operators 
V^j 'Pk^j^ in such a way that they satisfy 

Ilk.j^TkIlk,j,=Tk, fc=l,2,... 

T{{ia, <5j„), (jb, 5jb)) becomes a subspace of -4o(ja, Jh). Both definitions of principal 
symbols are the same if we identify the sections of S^" ~ ® Sj^ with the fiber 
bundle morphisms Sj^ — > Sj^^ by using the scalar product of Sj^ . 

Theorem 9.2. If T is an operator of ANija, jb) with symbol a, then nfej^TIIfcjj^ 
is a Fourier integral operator of J-'{{ja,Sj^),{jb,5j^)). Furthermore the symbol of 
Uk.j^TUk.j^ is L^j^'^''{a), where 

is a fiber-bundle morphism. 

Proof. Again the proof relies on the methods of section 4. To show that Hkj^SIlk.j^ 
is a Fourier integral operator, we argue as in the following of lemma 4.2. The other 
part is an application of the stationary phase lemma in the appendix of [8]. □ 

Finally let us describe explicitly the symbol product for the composition of op- 
erators of ANija, ja)- To do this it is convenient to introduce complex coordinates 
(U, z') for ja and write the symbol in the following way 

N 

a{h,Z,Z,x)^^h-^ai{Z,Z){x), xeU 

1=0 

with 

a,iZ,Z)ix)= j^K\\o)-Vr£,o) vf«^,..vfS„)/.)(x,.) Z'^Z^ 

|a| + |/3|=2/ 

and V a covariant derivation of dj^ H dj^ . 
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Theorem 9.3. With the previous notations, the map of theorem 9.1 is 
L';iy,ia,a')ih,Z,Z,x)^ ^ - A\a{h, Z - Y ,Y, x).a' {h,Y , Z - Y, x)) 



1=0 



Y=Y=0 



where A is the operator 

with (G*'-') the inverse matrix of (Gj^i) whose coefficients are such that to — i'^ 
Gijdz ' A dp . 

There isn't any difficulty to extend these results to the case where the complex 
structures depends smoothly on a parameter. We end these preliminaries with the 
variations of the section i5 as a function of the complex structure. Let x € M and 
r be a germ at a; of a Lagrangian submanifold of M. Let us fix a unitary section s 
oi L r. Let jt be a curve in Jint- Then consider a smooth family Et of sections 
of L ^ M such that Et = s along F and 

d,,Et^O 

modulo a section vanishing to any order along F. Let us write 

d 



,'Et — ftEt- 
dt 



on a neighborhood of x. 



Proposition 9.4. The function fo and its first derivatives vanish over F. Fur- 
thermore, if Z and Z' are holomorphic vector fields for the complex structure jo, 
then 

Z.Z'.fo^-u;iZ,^i{Z')) 



along T, with fi G C°°(M, Hom(Aj;''r*A/, A°;^r* A/)) the tangent vector to jt at jo- 

Since F is Lagrangian, Tj^^M and TT^C are transverse. So the result gives the 
Hessian of / along F. 

Proof. Since Et{y) is constant for all y ^ T, ft vanishes along F. Let us write 

VEt = jEt^at. 
We can prove that at vanishes along F and 
(23) Z.{aa,W) ^Lu{Z,W) 

if Z is a holomorphic vector fields for jo (cf. Lemma 4.2 in [8]). Since ^ et V 
commute, we have dft = jott- So dft vanishes along F because the same holds for 
at. 

Now let us associate to jt £ J the section of Hom(A]-"T*M, A°-^r*M) as we 
did in (4). Then r";^i\/ is the graph of 

-111 : T^'^M tI'^M. 

]o Jo 

So if Z' is a section of T^fM, Z' - ^4{Z') is a section of T°;^M and 

{at,Z'-^,\{Z')) 

vanishes to any order along F. Thus the same holds for the derivative 

{at^Z' -^,\{Z'))-{at,il\{Z')). 
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In particular, wc have along F, 

Z.{ao,Z')=Z.{a^,iil{Z')) 
Here we used that /io = 0. Finally the results follows from dft = \dit and (23). □ 

10. Proof of theorem 7.1 
Let us start with the computation of the curvature. By lemma 8.6, 

By theorem 7.2, Ilfci?^'' (r/, ji) is at j a Tocplitz operator of Q™ with principal symbol 
\tv{ri.fi — fj..fj){j). Then it follows from the following proposition that i?^^ (77, fj.){j) 
is a Toeplitz operator with vanishing principal symbol. 

Proposition 10.1. For any tangent vector f?,^ € TjJi-nt, the operator 

is a Toeplitz operator of Q™ with principal symbol — ^tr{'f].p, — fi.fj){j). 

Proof. First we prove that V^"'^''''' 'llfc is an operator of A2{j,j) and compute its 
symbol. Let jt be a curve of jTint whose tangent vector at is ?y. Let : Sj^ 
be the continuous family of half-form bundle morphisms such that is the identity 
of 5jQ . We have at jo 



^ dt 



t=0 * ' '^Jo 



Recall that Ilfcjj is an operator of Ao{jt,jt) with symbol 1. Thus its kernel is of 
the form 

— E^ix,y)ft{x,y,k) + 0{k-^) 

where ft{., k) isasequence of sections oiSj^MSj^ equal to l+0{k~^) on the diagonal. 
We obtain the kernel of ^^^Ukj^'ift by replacing /( with 

■i/:[\x)ft{x,y,k)^t{y) 

which again is equal to 1 + 0{k^^) on the diagonal. Derivating with respect to t, 
we deduce that v!^"'^^'''" ^Hk is an operator of A2{j,j) with symbol 



where g is the function of such that ^ 



Et = gEo. 



Let us compute [g]. Let (z*) be a complex coordinates system for Jq such that 
Lu = i'^ dz^ A dz^ at x. Denote by U{t) the symmetric matrix such that the family 

dz' + Y.^U,j{t)d7J, i = l,...,n 

is a base of Aj^'°T*A/. So the derivative f/ of U{t) at t = is the matrix of ry(jo)- 
By proposition 9.4. the symbol of v!^"'^'"'''' 'llfc at x is 

n-~'[g]{z, z, x) = -^Y.(u-^^'^' + ^y^'^') 

where we used the notations of theorem 9.3. 
Then it follows from theorems 9.1 and 9.2 that 
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is a Tocplitz operator and we compute its symbol by applying theorem 9.3. First 
the symbol of [V^^'^^^^'Ofe, V;?"''^^"'nfe] is at x 

4 



jEnd(V] 



where V is associated to ^ as U to 77. Then the symbol of [V^"''^'^^"'nfe, vj?"'''^"^nfe | 
is at X 

-itr {UV -VU) 



Since U and V are the matrices of /^(jo) and ^J.{jo), we obtain the result. 



□ 



Let us prove now the last part of theorem 7.1. Consider a curve j : [0, 1] — > Jint- 
Denote by '^t '■ 6jg Sj^ the continuous family of half-form bundle morphisms such 
that ^'o is the identity. 

Proposition 10.2. Consider a smooth family of Fourier integral operator 
with symbol (crt'^t)t- Then the operator 



qm,, 'i'o ^ (v^;^°<f>)(t) with -fit) = Pt^o 



is a Fourier integral operator of J-((jo, Sj^), (jti^jt)) '^^'^ symbol is &t^t 



Proof. The Schwartz kernel of Pt is of the form 



27r 



E^{x,y)ft{x,y,k) 



with ft{x, X, k) = (Jt{x)^t{x) + 0{k~^). So the kernel of [V^q^' o P)t is 
' ^ ^-E\{^^y)\f,{x,y,k)-r[-^ ii;f(x,y)[-(M/,-;i(x)./,(x,y,fc)) 



V27r 
where (^t,s 

such that ^^1,1 is the identity of By proposition 9.4, 

d 



Sj^)s is the continuous family of half- form bundle morphisms 



dt 



Et - gtEu 



where gt and its first derivatives vanish along the diagonal. So (Vg^'^'" °P)^ belongs 
to A2{joJt)- Since 

we have 



0,t 



Thus the symbol of (Vg^ 
(24) 



oP)^is 

d ( 



H^(jo,Jt,J.) 



0,t- 



Then it follows from theorem 9.2 that 

belongs to J^{{jo, Sjg), {jt,Sj^)). Furthermore its symbol is of the form {atcrt+(Tt)'ift 
with at a C°° function. To end the proof, it suffices to show that if 0-4 = 1 for every 
t, then the symbol of (V^^ o P)^ vanishes. 
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Let US check it at t = 0. Since C^OojJojJs) ~ 1 for every s and ^'o,o is the 
identity, formula (24) simpUfies into 

which is equal to /i~^[(7o] because at = 1. Introduce complex coordinates (z*) for 
the complex structure jo such that uj = idz^ A dz' at x. Let yU be the tangent vector 
of jt at i = 0. Let U be the matrix at a; of /i in the bases dz*, dz*. Then by 
proposition 9.4 



[9o] = -IY.U^,Z'Z^ 

Finally an application of theorem 9.3 proves that the symbol of V^^'^ o vanishes 
at t = 0. 

Let us compute now the symbol at any t. Since Ct = 1, the operator Pt is 
invertible with an inverse in T{{jt,Sj^), (jo, <^io))- the operator 

Pt,s^PsoP,-':QT^^^^QZ,^ 

belongs to ^{{jt,Sjt)Ajs,^js)) ^^nd by theorem 5.2. its symbol is ^t.s- It follows 
from the previous computation that 

(vC^"oP,.)^ 

belongs to J'{{jt, ^jt)i ij.n ^js)) its symbol vanishes at t = s. Consequently, the 
symbol of 

K'''°p)t = K'''^-Pt,.)^^,oPt 

vanishes. □ 

Then it is easy to construct by successive approximations a smooth family of 
operators 

Pt : Q'"Oo) ^ Q^O't) 

in T{{jo, Sjg), {jt, Sj^)) such that Po is the identity of Q'^jo that the total symbol 
of (Vg^^*" o P)t vanishes. Consequently, 

where the big O is for the uniform norm of operators and is uniform with respect 
to t. If Tt : Q'kjo ~^ ^'kjt parallel transport along jt, then 

Tt = Pt-Tt f T^s ( Vf ^" oP)^ds. 
Jo 

By the first part of theorem 7.1, Tt is unitary. Consequently 

Tt=Pt + 0{k-^). 

Then using that 

Il,,^jATt-Pt)Tlk.jo^Tt-Pt 

and Tlkj € -^((jj ^j), (j, ^j)): we show that the Schwartz kernel of Tt~Pt is uniformly 
0{k~°°) with its successive covariant derivatives. This proves theorem 7.1. 
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